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Identification of Nonlinear Interactions in Structures
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Recent experiences in phenomenological identification of nonlinear interactions in struetures are presented.
Free oscillations of quadratically and cubically coupled pairs of oscillators are analytically studied to illustrate
nonlinear interactions between structural modes involved in two-to-one and one-to-one frequency relationships.
In light of this analytical study, results obtained from application of the Eigensystem Realization Algorithm
(ERA) toward identification of a beam-mass structure with a two-to-one frequency relationship and quadratic
coupling are presented and discussed. The internal resonance in the structure causes the identified damping coef-
ficients to be oscillatory and to assume negative values. The present effort should be of relevance to the identifica-
tion of structural systems in which factors, such as symmetry, modal density, frequency relationships, and flexi-
bility contribute to the likelihood that nonlinear interactions may occur.

I. Introduction

VTRUCTURAL identification is of paramount importance for
the prediction of the response of a given structure to various
loading conditions. The dynamic characteristics of a structure that
exhibits nonlinear behavior can be qualitatively different for dif-
ferent loading conditions. Although the responses of many struc-
tures used in practice can be determined by modeling them with
linear equations, there are many physical phenomena that cannot
be modeled by linear equations.):> In many structures, some of the
natural frequencies are commensurate or nearly commensurate. In
the presence of appropriate nonlinearities, these frequency rela-
tionships can lead to nonlinear interactions. In this event, such fre-
quency relationships are called internal resonances. Nonlinear in-
teractions can occur during both free and forced oscillations of a
structure and lead to energy exchange or energy transfer between
the coupled modes. With the advent of complex space and aircraft
structures, linear models with thousands of degrees of freedom are
not uncommon. To identify the parameters in the linear models,
techniques including the ERA method>> are employed. Because
conditions for nonlinear phenomena do exist in most of such struc-
tures (see, e.g., Refs. 5 and 6), there is a growing need for the iden-
tification of nonlinear systems. Many studies have addressed non-
linear identification (see, e.g., Refs. 7-9) for systems with one or a
few degrees of freedom. However, these studies have not allowed
for nonlinear interactions. Identification of systems that exhibit
nonlinear interactions is just beginning to receive attention, %!
again for less complex structures. It is therefore of interest to ex-
amine if the phenomenological identification of nonlinear interac-
tions is possible within the context of complex structures and lin-
ear system identification techniques.
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The purpose of the present work is to show that phenomenolog-
ical identification of nonlinear interactions may be carried out by
using linear system identification techniques. The material of this
paper is organized as follows. In Sec. II, we consider free oscilla-
tions of quadratically and cubically coupled pairs of oscillators to
illustrate nonlinear interactions. In the case of the quadratically
coupled oscillators, there is a two-to-one frequency relationship
between the two modes of oscillation. On the other hand, in the
case of the cubically coupled oscillators, there is a one-to-one fre-
quency relationship between the two modes of oscillation. Equa-
tions derived by the method of multiple scales,! which govern the
time variation ‘of the amplitudes and.phases of the interacting
modes, are studied in Sec. II. Subsequently, we present results of
application of ERA to free-oscillation data obtained from an L-
shaped, beam-mass structure. The second natural frequency f, of
this structure is approximately twice the first natural frequency f;.
These frequencies are less than 20 Hz while the other frequencies
are above 100 Hz. The first and second modes are coupled through
inertial quadratic nonlinearities, which lead to a two-to-one inter-
nal resonance and consequent modal interactions in this and simi-
lar structures.!>~13 In Sec. IV, we discuss the experimental results
obtained in the Mini-Mast experiments’® in the context of the
present work. Finally, we close the paper with some concluding re-
marks.

II. Analysis
In this section, we consider free oscillations of two sets of cou-
pled oscillators. In both sets the linear part of the damping is light
and the nonlinear terms are weak; thus, the weakly damped and
weakly nonlinear systems are amenable to perturbation analyses. It
may be necessary to use numerical methods for studying equations
with strong nonlinear ternis.

A. Quadratically Coupled Oscillators

We consider a pair of quadratically coupled oscillators with a
two-to-one frequency relationship between the two modes of oscil-
lation. The governing equations are
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where the u;, ®;, ;, 0;, and G are, respectively, the generalized co-
ordinates, the circular frequencies, the damping coefficients, the
nonlinear coefficients, and the internal detuning. The overdots de-
note derivatives with respect to time ¢. The parameter € is small
and positive; it is used to explicitly express our assumption that the
damping and nonlinearities are weak. Also note that Egs. (1) and
(2) have quadratic damping terms. The two modes of oscillation
are linearly uncoupled but nonlinearly coupled through the qua-
dratic terms. In the context of a structure, Egs. (1) and (2) can de-
scribe the modal amplitudes of two quadratically coupled struc-
tural modes. o

Using the method of multiple scales,! we obtain a first approxi-
mation for the solution of Egs. (1) and (2) as

U, =p,cos O t+qsin 0t - “)
Uy = P,COS W,yf + g,Sin W, ' C(5)

The p; and g; are governed by the following equations:
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Fig. 1 Free oscillation in the absence and presence of quadratic cou-
pling terms: a) first mode and b) second mode.
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where the A, are given by
40,A; = o, and 4w,A, = 0, (10)

The A, should have the same sign in the case of structures.! This
condition ensures that, in the presence of positive damping, struc-
tures do not exhibit self-sustained oscillations. In arriving at Egs.
(6-9), we had assumed that the p; and g; are different from zero.

Equations (6-9) are ically integrated to determine the
modal amplitudes a;= p? + q?. In Fig. 1, we display the modal
amplitudes corresponding to the free oscillations initiated from
@1, 41, P2 q2) = (0.4, 0.3, 0.4, 0.3). For all the results of Fig. 1,
My = 0.09, wy = 0.22, and 6 = 1.13. The solid lines that depict
monotonic decay correspond to the case where only the linear
damping terms are present; that is, u; = 0, iy = 0, and o, = 0. The
broken lines in Figs. 1a and 1b that depict monotonic decay corre-
spond to the case where both the linear and quadratic damping
terms are present. In this case, u3 = 0.4, uy = 0.8, and o; = 0.
Hence, in the absence of nonlinear coupling terms, the free decay
is always monotonic. The solid lines that depict nonmonotonic
decay correspond to the case where the nonlinear coefficients as-
sume.values different from zero. Here, p; = Uy = 0, A; = 293.613,
and A, = 2208.297. The parameter values correspond to the lightly
damped, L-shaped, beam-mass structure treated in Ref. 14. The
free decay of the modal amplitudes is oscillatory as a consequence
of the energy exchange between the first and second modes. It is
evident that as @, increases @, decreases and vice versa. Also note
that the amplitude of the second mode grows initially before fall-
ing off. The period of oscillation depends on the initial conditions,
the detuning parameter, and the nonlinear coefficients. The free
decay was also seen to be oscillatory in the presence of quadratic
damping terms. '

B. Cubically Coupled Oscillators

In this section, we consider a pair of cubically coupled oscilla-
tors with a one-to-one frequency relationship between the two
modes of oscillation. The oscillators are governed by
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where the u;, |\;, 0;, and ®; are as defined earlier. Equations (11)
and (12) have cubic damping terms. We consider cubic damping
terms to illustrate the effect of higher-order damping. These equa-
tions can describe the modal amplitudes of two cubically coupled
structural modes. In the case of a structure, the coefficients o, and
o, have the same sign, and hence, in the presence of positive
damping, the structure does not exhibit self-sustained oscillations.

One-to-one frequency relationships are possible in systems with
symmetry, such as the Mini-Mast structure.’ Again, using the
method of multiple scales, we obtain the first approximation (4)
and (5). However, in this case, the p; and g; are governed by
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Fig. 2 Free oscillation in the absence and presence of cubic coupling
terms: a) first mode and b) second mode.
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Fig. 3 Maetallic structure and accompanying shapes of the first two
modes of vibration; the second linear natural frequency f; is approxi-
mately twice the first linear natural frequency f.

and

o, 3o, oy
F2=§E, Iy=g=, Iy=— (19)

Equations (14-17) are numerically integrated to determine the
modal amplitudes a;= /% + q?. In Fig: 2, we (-iigplay the modal
amplitudes corresponding to the free oscillation initiated from (p,
g1, P2 q) = (0.3, 0.4, 0.3, 0.4). For all the results of Fig. 2, 4, =
0.04, u, = 0.045, and ¢ = 0.05. The solid lines in Figs. 2a and 2b
that depict monotonic decay correspond to the case where \3, = 0,
W4y, = 0, and T; = 0. The broken lines that depict monotonic decay
correspond to the case where |3, = 0.06, Py, = 0.07, and I'; = 0.
Hence, in the absence of nonlinear coupling terms, the free decay
is always monotonic. The solid lines that depict nonmonotonic
decay correspond to the parameter values Wy, =0, pgy, =0, I'} =
20,1, =20,T; =3.0, and I’y = 3.0. On examining Fig. 2b, we
find that the amplitude of the second mode initially grows before
falling off. We also note that a, increases a, decreases and vice
versa. The decay is oscillatory as a consequence of the energy ex-
change between the first and second modes.

From this section, it should be clear that the free decay is always
monotonic in the presence of only damping and nonmonotonic in
the presence of nonlinear interactions. We note that nonlinear in-
teractions may occur in the presence of other frequency relation-
ships, such as @, =3, and ©,=|®;+ @], where the o;, ®;, and
o, are the circular natural frequencies of a structure. We should
also mention that, depending on the structure, it may be necessary
to include other types of damping, such as Coulomb damping, hys-
teretic damping, and displacement-dependent damping in the ana-
lytical models described in Sec. II.

ITII. Experiments

The beam-mass structure used in the experiments is shown in
Fig. 3. It consists of two lightweight steel beams and two rigid
masses. One of the ends of the L-shaped structure is clamped to a
mount. The mass M, is positioned to tune the frequencies of the
structure. The mass M; weighs 31.1 g, and the mass M, weighs
15.5 g. The horizontal beam is 12.83 mm wide and 1.68 mm thick,
and the vertical beam is 12.80 mm wide and 0.56 mm thick. With
respect to Fig. 3, L,, L,, and D are 145.05, 152.40, and 124.02 mm,
respectively. The structure was instrumented with strain gauges on
the horizontal and vertical beams to obtain a measure of the re-
sponse. :

Using random excitations and nonstationary sinusoidal sweeps
as described in Ref. 14, we determined the first and second natural
frequencies of the structure. The first natural frequency f] is about
8.20 Hz, and the second natural frequency f, is about 16.72 Hz.
Due to the presence of quadratic coupling between the first and
second modes, the spectrum of the free response of the structure
initially consists of spectral lines at f},:/5/2, 5, and 2f; in a base-
band of 20 Hz. Sufficient resolution is required to resolve these
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Fig. 4 Experimental data compared to linear model reconstructed from ERA results.

peaks. The nonlinear dynamics of harmonically excited L-shaped,
beam-mass structures with a two-to-one frequency relationship are
well documented in Refs. 12-15. Their dynamic behavior is very
sensitive to the detuning (i.e., f,-2f}) and some of their nonlinear
motions cannot be predicted if the correct frequencies are not iden-
tified. For example, the structure used in this study displayed two-
period, quasiperiodic motions when excited by a harmonic excita-
tion at 16.55 Hz. These motions cannot be analytically predicted if
the identified second natural frequency is less than 16.55 Hz.

The structure was initially excited with a band-limited random
excitation for a few seconds. Then the excitation was turned off
before collecting a signal from the strain gauge on the vertical
beam during free oscillations of the structure. The record is 32 s
long and was collected at a sampling frequency of 160 Hz. This
record was analyzed by using the ERA method. This algorithm,
based on linear analysis in the time domain, is used to identify the
modal parameters of a structure from input/output data. Further, it
is a minimum-realization algorithm,; that is, it identifies the mini-
mum number of modes required to represent a structure. Applica-

tions of ERA to structural systems which exhibit nonlinear behav-
ior have been reported in Refs. 4 and 5. However, the nonlinear
dynamics of the complex structural systems of Refs. 4 and 5 are
not well understood. Here we apply ERA to a beam-mass structure
whose nonlinear dynamics are fairly well understood.

To identify the modal characteristics of a linear multivariable
system by using ERA, sets of either impulse response functions or
free-decay data are required, although a recent related algorithm!6
enables the identification to be carried out from sets of general
input/output data. When ERA is applied to blocks of data of a free
response of a structure (sliding-window analysis), it can capture
the dependence of the natural frequency on the amplitude of oscil-
lation (a nonlinear phenomenon!) provided that the mode in ques-
tion does not interact with other modes.

From the free-response data, ERA identified two modes with
high confidence in the frequency bandwidth of 0-40 Hz. Further,
the first natural frequency was identified to be about 8.14 Hz and
the second natural frequency was identified to be about 16.30 Hz.
The second harmonic 2f; of f; was identified to be the second natu-
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Fig. 5 ERA sliding-window results for the beam-mass structure.

ral frequency. This is believed to be a consequence of insufficient
resolution. In Fig. 4, the figures in the upper half correspond to the
data collected from the experiment and the figures in the lower
half correspond to the linear model reconstructed from the ERA
results. Some differences in the phases and magnitudes can be dis-
cerned. There seems to be a good overall agreement between the
experimental and ERA results. However, a nonlinear analytical
model constructed with the identified frequencies 8.14 and 16.30
Hz will not be able to predict the modulated motions observed at
the excitation frequency 16.55 Hz.

In Fig. 5, we display the ERA results obtained from a sliding-
window analysis. The figures in the upper half pertain to the first
five seconds of the free-oscillation data while the figures in the
lower half pertain to the first twenty seconds of the data. In the fig-
ures, the points labeled 1 (2) correspond to the first (second) mode.
Variations of the logarithm of the amplitudes and damping factors
with time are plotted in each set of figures. We observe oscillations
in the modal amplitudes and damping factors. Further, the damp-
ing factor associated with the second mode assumes negative val-
ues. There are also feeble oscillations in the damping factor per-
taining to the first mode. Whenever the damping factor associated
with the second mode increases, the damping factor associated
with the first mode decreases and vice versa. This observation sug-
gests energy exchange between the two modes. Revisiting Fig. 1
and the associated analysis, we find that the oscillations in the

modal amplitudes are to be expected as a consequence of the en-
ergy exchange between the first and second modes of the structure.
The free decay of the first and second modes is governed by both
the damping and the two-to-one internal resonance. The results
from ERA essentially yield equivalent linear damping factors

which oscillate and assume negative values as a result of the non-
linear interactions in the structure.

IV. Discussion
Strictly speaking, ERA is intended for the identification of lin-
ear systems. However, one usually does not know the nature of a
system a priori. The ERA method can be used in the first step to-
wards its identification. If one identifies negative damping coeffi-
cients, it is not necessarily an indication of inaccurate modal ex-
traction, but possibly an indication of nonlinear interactions. A
sliding-window analysis can then confirm this indication and pos-
sibly point out the interacting modes. So, by examining the ERA
results, it may be possible to identify the nonlinearly coupled
modes. However, the identification of these modes may be limited
by the complexity of a structure, noise levels in a test setup, etc.
For the identified coupled structural modes, models such as those
described in Sec. II may be necessary. Once a model has been cho-
sen, a resonance-based approach'® may be used for parametric
identification, and hence, quantification of nonlinearities.
In Fig. 6, results obtained from an ERA sliding window analysis
in experiments with the Mini-Mast structure’ [Fig. 18(a) of Ref. 5]
are provided. This figure is qualitatively similar to Fig. 5. The
points corresponding to modes 1, 2, and 3, are, respectively, la-
beled 1, 2, and 3 in this figure. We see oscillations in the identified
damping factors. The damping factors associated with all three
modes assume negative values. Further, it is also observed that as
the damping factor associated with one of the modes increases
those associated with the other two modes decrease and vice versa.
Oscillations and scatter are also seen in some of the other plots
provided in Ref. 5. In the case of the Mini-Mast structure, there is a
one-to-one frequency relationship between the first and second
modes (modes 1B-X and 1B-Y of Ref. 5). There might be a non-
linear interaction between these two modes, as in the case of the
cubically coupled oscillators of Sec. II. We suspect that the nega-
tive damping identified for some of the modes is a consequence of

261
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Fig. 6 ERA sliding-window results for the Mini-Mast structure
reported in Ref. 5.

nonlinear interactions. Further, in other experiments with the
Mini-Mast structure, in plots similar to Fig. 6, the scatter was seen
to increase as the number of shakers used to excite the structure
was increased. The following explanation is offered for this obser-
vation. As the number of shakers is increased, the number of ex-
cited structural modes is increased, resulting in an increase in the
nonlinear interactions between the different structural modes.
These interactions cause a scatter in the results obtained from the
linear identification scheme.

In some recent experiments with a long and slender cantilever
beam,!” we observed nonlinear interactions in which energy was
transferred from high-frequency to low-frequency modes. Band-
limited random excitations were used to phenomenologically iden-
tify the nonlinear interactions in the beam. Further, ERA analysis
for free-oscillation data from this cantilever beam yields oscilla-
tory damping coefficients.!® Nonlinear interactions observed in the
beam may occur in flexible structures whose modal frequencies
are spread over a wide frequency range (see, e.g., Ref. 5).

V. Concluding Remarks
In this work we considered phenomenological identification of
nonlinear interactions in structures using linear identification tech-
niques. In the presence of nonlinear interactions, linear system
identification schemes yield damping factors that oscillate in time
and sometimes assume negative values, The oscillations are dis-
tinct in character. When the damping factor associated with a par-
ticular mode increases those associated with the coupled modes
decrease and vice versa. Results from linear identification tech-
niques, such as the Eigenvalue Realization Algorithm, may be
used to identify the nonlinearly coupled structural modes. How-
ever, this approach may be limited by factors such as the complex-

ity of a structure and needs further investigation.
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